
 

 

 
 

(26)   8.5   Miscellaneous Substitutions 
 
 

Expression in integrand Substitution EXAMPLE 

೙ݔ√ ೘ݔ√    ,    
 

௠௡ݑ =  ݔ
ݑ݀ ௠௡ିଵݑ ݊݉  =  ݔ݀
 

ܫ = න ݔ√1 + యݔ√  

଺ݑ  =  ݔ
ݑ݀ ହݑ 6  = ܫ ݔ݀ = න ଺ݑ√ହݑ 6 + ଺యݑ√  ݑ݀ 

ܫ  = න ଷݑହݑ 6 + ଶݑ  ݑ݀ 

ඥ݂ሺݔሻ೙ ௡ݑ   = ݂ሺݔሻ 
ݑ௡ିଵ݀ݑ ݊  = ݂′ሺݔሻ ݀ݔ 
 

 

ܫ = න 1ሺݔ + 1ሻ√ݔ − 2  ݔ݀

ଶݑ  = ݔ − ଶݑ  2 + 2 = ݑ݀ ݑ2 ݔ =  ݔ݀
ܫ  = න ଶݑሺݑ2 + 3ሻ ݑ  ݑ݀ 

ܫ  = න ଶݑ2 + 3  ݑ݀ 

ܫ  = 2√3 tanିଵ 3√ݑ + ܿ 

ܫ  = 2√3 tanିଵ ݔ√ − 2√3 + ܿ 

ܫ = 2√3 tanିଵ ඨݔ − 23 + ܿ 

 
 
  



 

Exa

ܫ =  න  = න
Let    ܫ =  න
 

Exa

ܫ =  න
Let    ܫ =  න
 

Exa

ܫ = න
 

Exa
 

ܫ = න
ݔ     ܫ= = න   = 6
    = 3
 
 

(

H 

ample 1

න cothଷ sinhହݔ ݔ ݀න ሺ1 + sinhଶsinh଼ ݐ ݔ = sinh නݔ 1 + ଼ݐଶݐ    ݀
ample 2

න coth coshଶ√ݔ ݐ ݔ = sinh නݔ ଶݐ√ݐ1 − 1
ample 3

න 1ሺ݁௫ + ݁ି௫
ample 4

න ݔ൫ ݔ √− ݔ √ −  = ଺ݑ             න ଷݑ − ଺ݑଷሺݑݑ − 6ݑ න ଶݑሺݑ −ሺݑସ − 13 lnሺݑଶ + 1ሻ
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HOSSAM 

1 Evalu

ݔ݀  = න sinhଶ ݔሻݔ   ∙ coshݔ       ⇒ ݐ݀ݐ݀   =  නሺିݐ
2 Evalu

ݔݔ − 2 ݔ݀ ݔ=           ⇒ ݔ݀݀      =  sec
3 Evalu

௫ሻଶ ݔ݀ = 14
4 Evalu

య ݔ √లݔ√ ൯ ⇒ ݔ݀ ݔ݀   = ଶሻݑݑ6   ∙ ହ  1ሻ1ሻݑ6  ݑ݀ = 6 න
ሻ + ܿ = 3 ln

Miscellaneo

  GHANE

uate  

coshଷ hଷݔ ݔ ∙ sinhହݔ = ݔ݀ cosh ݔ  ଼݀ + ଺ሻିݐ  ݀
uate  

න cosinh ݔ √s݀ݐ = cosh cିଵݔ ݐ + ܿ =
uate  

න 4ሺ݁௫ + ݁ି
uate  

ݑ݀       ݑ݀  ହݑ6 = 6 න නݑ ଶݑଶሺݑሺݑ − 1ሻnห√ݔయ + 1ห +

ous Substitu

            EM

න cothଷ sinhହݔ ݔ
S

ହ ݔ ݔ݀ = න
ݐ ݔ݀ = −17 ଻ିݐ 

න cot√cosh
Sosh sinhଶݔ ݔ − ݔ1 secିଵሺsinh   ݔ݀ 

න 1ሺ݁௫ +
S

ି௫ሻଶ ݔ݀ = 14න √ ݔ √ݔ ൫ݔ
S

= ݔ √   ଶݑሺݑଷݑ − ଷݑ1 ∙ ସݑଶሺݑ −− 1ሻሺݑଶ + 1ሻ  ݀
+ ܿ 

utions           

651         

ݔݔ  ݔ݀

Solutioncoshଷ sinh଼ݔ ݔ ݔ݀
଻ −  −15 ହିݐ 
th hଶݔ ݔ − 2 ݔ݀
Solution

1  ݔ݀

h ሻݔ + ܿ 1݁ ି௫ሻଶ ݔ݀
Solution14 න ൬ 2݁௫ + ݁− ݔలݔ√ − √ యݔ ൯
Solution

లݔ√             =1ሻ− 1ሻ   ∙ ݑ݀ ହݑ  =  6 න ݑ
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n =  න coshଶsinh଼

ହ + ܿ = −17
 ݔ

n 

n 

݁ି௫൰ଶ ݔ݀ =
 ݔ݀

n 

= = ݑయ݀√             ݑ 6 නݑݑଶ + 1 ݑ݀ =

                 

                

ଶ ଼ݔ ݔ   ∙ cosh ݔ
1 csch଻ ݔ −

14 න secଶ ݔ

య ݔ √ = ଶݑሺݑ   ଶݑ − 1ሻݑହሺݑସ − 1ሻ= 62 න ଶݑݑ2 + 1

                P

سام غانم       

3

ݔ  ݔ݀

−  15 cschହ ݔ
4

3

ݔ ݔ݀   = 14 t

 ሻ   ∙  ݑ݀  ହݑ 
1  ݑ݀

P2 

حس

37   June   

+ ܿ 

43   May   

30   July   

tanh ݔ + ܿ

 

2005

2007

2003



    
   

Exa

ଶݔ3 ݑ− ൌ ሺܫ ൌ නܫ ൌ න   ൌ 12   ൌ 12
 

Exa

ଶݑ ൌ
ܫ          ൌ න
          
 

Exa

ݐ ൌ lnܫ ൌ න
       
       
 
 

(

H 

ample 5

− 1 ൌ ଷݑ     ሺ3ݔଶ − 1ሻభయ න 1ݔ2 + 2ݔ3√ −3න ൬ݑ − 1 ଶݑ 12+ − ݑ +12 ሺ3ݔଶ − 1ሻ
ample 6

2 + ݔ √ −
                  න 1ඥ 2 +                     ݔ √
ample 7

n|2ݔ + 4| +න ඥln|2ݔ ݔ+ +
             
             

(26)   8.5   M

HOSSAM 

5 Evalu

    ⇒ ݔ݀ ݔ6
                  

− 1 ݔ݀ ൌ  න11 + ൰ݑ ݑ|lnݑ݀  + 1| +ଶଷ  − ሺ3ݔଶ −
6 Evalu

1               ⇒
                  

− ݔ݀ 1 ൌ  න
             ൌ 43
7 Evalu

+ 7                4| + 72 ݔ݀  
              
              

Miscellaneo

  GHANE

uate  

ݔ ൌ ݑ݀ ଶݑ3
ଶ1ݑ    + ݑ + ݑ ݑ݀   ܿ − 1ሻଵଷ + ln ฬ
uate  

⇒ ݔ √  − 1 
                  න ଷݑ4 − ቆට 2ݑݑ4 + ݔ √
uate  

⇒ ݐ݀ ൌ ൌݔ2 න ݐ√    ݀
             
             

 

ous Substitu

            EM

න 21 + √య
Sݑ           ⇒   2

ሺ3ݔଶ − 1ሻଵଷ
න ඥ 2 +

Sൌ ଶݑ − 2 
ݑ                   ݑ݀   ൌ නሺ4

ݔ − 1 ቇଷ  −
න ඥln|2ݔݔ

S2ݔ + 4 ݐ݀   ݔ݀  ൌ න ଵଶݐ   
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ଶݔ3√ݔ2 − 1 ݀
Solution2ݔ݀  ݔ ൌ ݑ  

ଵଷ + 1ฬ + ܿ 

1√ ݔ − 1 ݀
Solution            ⇒ ݔ

ଶݑ4                   − 4ሻ  ݀
− 4ට 2 + ݔ √

ݔ + 4| + ݔ7 + 2
Solution           ⇒ ݐ݀݀ ൌ ଷଶݐ 23  
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 ݔ݀

n ݑଶ ݀ݑ 

 ݔ݀

n ݔ − 1 ൌ ସݑ 
ݔ݀    ൌ ሺ4ݑ݀ݑ ൌ ଷݑ 43

ݔ − 1  + ܿ
7  ݔ݀

n ݐ ൌ ݔ1 + 2  ݀+ ܿ ൌ  23 ሺl

                 

                

ସ − ଶݑ2 + ଷݑ4 − −݀ ሻݑ4 ݑ4 + ܿ 

ݔln|2  ݔ݀ + 4|

                P

سام غانم       

4

 ݑ݀  4

+ 7ሻݐଷଶ  + ܿ

1

2

2

−

+
−

u

u

uu

P3 

حس

41   July   

ܿ 

1

1

1

2

2

−

+

−−

−

+

++

−

u

u

u

2006



Exa

ܫ ൌ  න
   ൌ  න
   

Exa

ܫ ൌ නݑ ൌ ܫݔ ൌ  1ሺݑ ݑሺܣ− +at    ݑat    ݑ
ܫ ൌ 11   ൌ 1
 
 

(

H 

ample 8

න tanhሺln ݔ
න ଶݔ +  1 ଶݔ− +  1
ample 9

න ଷଶݔଵହݔ − ଵ଺ݔ16           ⇒116 න ଶݑ1 − 114ሻሺݑ + 4ሻ+ 4ሻ + ݑݑሺܤ ൌ ݑ        4− ൌ 4            116 න 18ሺݑ − 41128 ln|ݔଵ଺ −

(26)   8.5   M

HOSSAM 

8 Evalu

ሻݔ ݔ݀ ൌ  න− 21 ݔ݀  ൌ  න
9 Evalu

⇒   ݔ݀ ݑ݀ ൌ ݔ 16
16 ݔ݀   ൌ  1ൌ ݑܣ  − 4 ݑ+ − 4ሻ ൌ 1          ⇒ ⇒ ܤ    ܣ          
4ሻ − 18ሺݑ +− 4| − 1128

Miscellaneo

  GHANE

uate  

݁୪୬ ௫ −  ݁ି ୪݁୪୬ ௫ +  ݁ି ୪
න ቆݔଶ + ଶݔ1  +  1 −
uate  

න 116         ݔ݀  ଵହݔ ሺݑ − 4+ ݑܤ + 4 

ሺ−8ሻܤ ൌ ሺ8ሻܣ 1 ൌ 1     
4ሻ ݑ݀   ൌ 1ln|ݔଵ଺ + 4

 

ous Substitu

            EM

න tanhሺl
S୪୬ ௫୪୬ ௫ ݔ݀   ൌ න

− ଶݔ2 +  1ቇ
න ଷଶݔଵହݔ −

S

 ⇒ 116 ݑ14ሻሺݑ݀ + 4ሻ  
                                       1128 ln|ݑ −| + ܿ 
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ln ሻݔ  ݔ݀

Solutionන ݔ − ݔݔ1  + ݔ1  ݔ݀  
ݔ݀   ൌ  න ൬
16  ݔ݀

Solution

ൌ  ݔ݀ݔ݀  ଵହݔ 

             ⇒               ⇒
4| − 1128 ln

                 

   168855

n ݔ ൌ න ଶݔ ଶݔ− +൬1 − ଶݔ2  +

n 

ܤ ൌ  −18 ܣ   ൌ 18  
n|ݑ + 4| +

                 

                

−  1+  1   ݔ݀  
1൰ ݔ݀   ൌ ݔ

ܿ 

                P

سام غانم       

ݔ − 2 tanିଵ

P4 

حس

2   May   

ଵ ݔ + ܿ  

1995



(26)   8.5   Miscellaneous Substitutions                                                              P5 

 HOSSAM   GHANEM                     65168855حسام غانم                           

Homework 
 

1 Evaluate  the integral න cothଷ sinhହݔ ݔ  ݔ݀

2 Evaluate  the integral න 1√ݔ݀ + sinhଶ  ݔ

3 Evaluate  the integral න coth coshଶ√ݔ ݔ − 2  ݔ݀

4 Evaluate  the integral න cosh 1√ݔ − sinhଶ ݔ  ݔ݀

5 Evaluate  the integral න 1ሺ݁௫ + ݁ି௫ሻଶ  ݔ݀

6 Evaluate  the integral න cosh coshଶݔ ݔ + 2 sinh ݔ + 1  ݔ݀

7 Evaluate  the integral න 1݁௫ − 2 + ݁ି௫  ݔ݀

8 Evaluate  the integral න √ ݔ − ݔ √లݔ√ ൫ݔ + 4 √ యݔ ൯   December   42 ݔ݀
2006

9 Evaluate  the integral න √ ݔ √యݔ + √ లݔ  ݔ݀

10 Evaluate  the integral න 1ݔ2 + ଶݔ3√ − 1య  ݔ݀

11 Evaluate  the integral න ݔ√ݔ − 2య  ݔ݀

12 Evaluate  the integral න 1ඥ 1 − √ ݔ − 2 May   1996   5 ݔ݀

13 Evaluate  the integral න ට1 + ݔ√  ݔ݀
32   December  

2003

14 Evaluate  the integral න ହ√ 1ݔ − ଷݔ  ݔ݀

  



(26)   8.5   Miscellaneous Substitutions                                                              P6 

 HOSSAM   GHANEM                     65168855حسام غانم                           

Homework 
 

15 Evaluate  the integral න యݔ√1 ඥ1 + యݔ√ July   1996   6 ݔ݀

16 Evaluate  the integral න 1 − sinh 1√ݔ + sinhଶ ݔ May   1997   8 ݔ݀

17 Evaluate  the integral න ට 1 − 2√ ݔ August   1997   10 ݔ݀

18 Evaluate  the integral න √൫ݔ1 ݔ + √ లݔ ൯ November   1998   14 ݔ݀

19 Evaluate  the integral න ට1 + యݔ√ May   2001   12 ݔ݀

20 Evaluate  the integral න ݔ √1 + √ యݔ May   2000   19 ݔ݀

21 Evaluate  the integral න యݔ√൫ݔ√యݔ√ + 4൯ July   2001   24 ݔ݀

22 Evaluate  the integral න యݔ √1 – √ ݔ December   2001   25 ݔ݀

23 Evaluate  the integral න ݔ1 + రݔ√ May   2003   28 ݔ݀

24 Evaluate  the integral න 1ඥ 2 − √ ݔ May   2003   29 ݔ݀

25 Evaluate  the integral න 1ݔ√ − ඥ1 − ݔ√ July   2003   30 ݔ݀

26 Evaluate  the integral න ඥ1ݔ√1 − యݔ√ December   2005   39 ݔ݀

27 Evaluate  the integral න యݔ√൫ݔరݔ√ + ൯ݔ√ December   2007   45 ݔ݀

28 Evaluate  the integral න ݔ√ඥݔ1 − 4 July   2008   46 ݔ݀

 
  



 
 

29 

30 

31 

32 

33 

34 

35 

36 

37 
 

(

H 

Evaluate

Evaluat

Evaluat

Evaluat

( 3 pts. )

 Evaluat

 Evaluat

 Evaluat

Evaluat
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HOSSAM 

e  the inte

e the follo

e the follo

e the follo

) Evaluate

te the follo

te the follo

te the follo

e the follo

Miscellaneo

  GHANE

gral 

owing inte

owing.  [ 

owing inte

e the follow

owing inte

owing inte

owing inte

owing inte

ous Substitu

            EM

Ho

න ݔଵଶݔ ൬ݔଵ଺
egral : (3 ଵଶ

3.5  pts.]

egral      [3

wing integ

egral 

egral 

egral 

egral 
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omewo

− 1+ ଵଶݔ ൰ ݔ݀
ଵଶ  points )

3 marks e]

gral න ሺ
න sinhଷ ݔ
න ൫1ݔ1 +
න 2 sinhଶ
න 3 cosh
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ork 

 ݔ

න ݔ√ +න 1ݔ + √
 න 1√1 ሺ1ݔ݀− − ଵ/ଷሻݔ

ݔ coshଶ ݔ ݀
యݔ√ ൯ଶ ݔ݀
sinh ଶݔ ݔ + 3 cos1ݔ + 4 sinh

                 

                

రݔ√12 + 2√ݔ2 + ݔ 1ݔ݀ ݁ି௫  ݔ݀

ሻ ଵ/ଶݔ  

 ݔ݀

sh ݔ  ݔ݀

h ݔ + 3  ݀

                P

سام غانم       

47   De

 50 ݔ݀

 51 ݔ

52

53

5

5

35

3 ݔ݀

P7 

حس

ecember   

 Dec. 15, 

 May 13, 

  July 24, 

3  11 Dec.

54  12/05/

54  12/05/

5  January 
2010

37  August
2010

2008

2009

2010

2010

2010

/2011

/2011

 24, 

t 7, 


